pulsation velocity amplitude; Re,, = ﬁd/v, reduced Reynolds number defined on the integral-
mean relative flow velocity; W,, W%, W, steady-flow, instantaneous pulsation, and integral-
mean pulsation velocities, respectively; wA, pulsation velocity amplitude; ¢ = wA/W,, ratio
of pulsation velocity amplitude to steady velocity component; w = 2mf, cyclic frequency; A,
pulsation amplitude; k, mass~transfer coefficient; d, diameter of experimental sample; D,
diffusion coefficient of benzoic acid in water; v, kinematic viscosity coefficient; AG, weight
loss of dissolved sample; AC, difference between saturation concentration and concentration

in main mass of the solution; F, dissolution surface; T, dissolution time.
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FREE CONVECTION IN A HETEROGENEOUSLY CATALYZED REACTION

K. V. Pribytkova, S. I. Khudyaev, UDC 536.25
and E. A. Shtessel’

Limits have been defined for the monotonic convective instability in a horizontal
layer of gas when a heterogeneous catalyzed reaction occurs at the lower boundary.

If a heterogeneous reaction is to be conducted under given conditions, it is necessary
to know the precise details of the heat and mass transfer; in some instances, natural con-
vection can accelerate the heat and mass transfer substantially, which can react back on the
process. Therefore, it is important to define the conditions for free convection.

Consider an unbounded planar horizontal layer filled with a reacting liquid or gas and
bounded by solid surfaces; a constant temperature and a constant reagent concentration are
maintained at the upper surface. The lower surface is provided by the catalyst and is ther-—
mally insulated from the environment; the surface produces a catalytic reaction of the type

R(T)

v, X,

Convection can arise under such circumstances on account of the heating (cooling) at the sur-

face and on account of the difference in molecular weight between the initial substances and
the products.

- X,

The dimensionless equations are as follows in the Boussinesq approximation:

% -
el PrVyV = —yp - PrAV = (RS + Rya)e, (1)
T
9 pryva = Ag, (2)
dt
O PrYy0 - LA0 (L =t ) : (3)
d1 Le
divV =0 (4)
subject to the boundary conditions [1]
z=1 V=0=0a=0, (5)
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. - _ Oa _ 00
z2=0, V=20, E—-?(l——a)expe, —Eé—:S(l——a)exp(}. (6)

We use the following scale quantities: length h, velocity v/h, temperature RT3/E, pres—
sure povD/h?, and time h*D.

There are six dimensionless parameters in (1)-(6): the Prandtl number Pr, the Lewis
number Le, the Rayleigh number R,, the concentration analog of the Rayleigh number R,, Frank-
Kamenetskii's parameter § for heterogeneous catalyzed reactions [1], and parameter y, which
represents the ratio of the reaction rate to the diffusion rate:

v D g9  RT} ,, gb
Pr = F, Le:—; ’ R1= ————VD . E h3, RZ == _'VD— he,
E
ky exp (—— ) Iz
= Q_". ._E:hkoexp (_.__E \, V- RTO )
A, RT} RT, / D

The steady-state equations are solved for V = 0 to give the temperature 6, and the con-
centration g, at mechanical equilibrium:

Bp=A(l—2), agy=4 _;’_(1—2),

where A is the temperature at the boundéry z = 0 and is given by
8—A (v + exp(— 4)). (7

We envisage equations in variations about mechanical equilibrium of the form

3~=Mdm E—:Mam AM»Lw:mmw
Y 6 8
o= exXp (A -+ (kyy — ikyx).

The horizontal components of the velocity and pressure are eliminated in the usual way.
Here we examine the limit to monotonic stability (we seek to define a relationship between
the parameters such that A = 0 is an eigenvalue). We put X = 0 and introduce the symbols

t-=kl = k3, B=rvy-expA

to get the following system of equations:

u —Eu - 0= 0, (8)
Lv— L+ o=0, 9
o1V — 20" + B — AF (-‘é— R+ R,u} - (10)
The boundary conditions are
2=0;, 0o=0" =0; y=0=Bu—~Auv
1D

z=:1; @=0 =0, u=v=0

It is complicated to define the exact limits for convection for L # 1, and very cumber-
some expressions are involved; various approximate variational methods are also difficult to
implement, although they are widely used in calculations on the limit to thermal gravitational

convection [2-4].
Here we derive the critical Rayleigh number R, = £(y, 8§, L, &, R,) by solving algebraic
equations arising as difference equations on simple nets with few nodes.

Of course, this cannot be expected to give more than a qualitative result, but we shall
see below that quite good quantitative results are obtained for the critical Rayleigh number.

In some simple instances, this technique amounts to approximate weighted averaging [5];
there is also a resemblance to the zero-dimensions method of [6].

We replace (10) by an algebraic equation at the point z = 1/2 on a five-point net; the
four boundary conditions for w allow us to choose the values of w at the nodes in terms of

the value at the central point z = 1/2,
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The boundary condition w'(0) = w'(l) is best used in integral style for a coarse net:
1

(m"dz::O. (12)

)
We put

w,=0 (0); m,-——-m(fl); © = <—;~), m3=m(—i—); o, = o(l)

and retain the same symbols for the derivatives of w; we specify that (12) shall apply for
the integral calculated by Simpson's method, which gives

o) + 0, +20" + 4 (0] - o)) = 0. 13)
The series expansions
O~ @)+ — 0y~ —
T g 32 °
oA © P, 1 o
~ _— -+ —
TR 4 7t 39t

go with the boundary conditions we = ws = 0, w.; = w:. to give
ay + 0] & 32 (0, + 0,). (14)
A difference approximation is
0] & (0, — 20, + 0) 16; 0" x (0, + 0, — 20) 16; (15)
0y & (0 —20; + @) 16; oV x (0] — 20" - 0}) 16,
which is used with (13) and (14) to give
O, + 0y = 0. (16)

Equations (15) and (16) allow us to express the derivatives at point z = 1/2 in terms of the
value of the function at that point, namely,

0"~ — 16w, o!V=5i2w. (17

Condition (16) is sufficient to derive (17), and w,; and ws separately are not required.
Therefore, the condition of (12) that the derivatives at the boundaries are zero is not used.

We replace (10) by an algebraic equation [u = u(l/2), v = v(1/2)]:

_ﬁy%&@_ﬂaa+@m+3%+gm:a (18)
Here and subsequently, it is convenient to assume that
£ 8, (19)
and then (18) becomes
— %Jyu—Amermﬁf4p+&mmo. (20)

Equations (8) and (9) are replaced by an algebraic equation at z = 1/2 by means of a
three-point net.
We put
!
= u{0), wu-=u (—;—) uy=u(l), vy,=0v(0), v-=v (—2—) , oy=vu(l)
and retain the same subscripts for the derivatives of u and v; a simple approximation for the
boundary conditions is
2u — 2uy= Buy — Av,, 20— 2v, = Bu, — Av,
and this implies that

2--A A

[T U,
2+ B_—A

Uy ==
¢ 2-B—A
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B 24 B
U:_
° erB_a "t 24+B—4

A difference approximation is
"y — 2wy, V=4@,—2u+v) (g=v,=0)

and this is used with the values for ue and v, to get

A
s b+8—— 44
v~ STFB=A “ToxrB—a "
B
” 4B 8 l_u—é‘-—‘A
CNT3yB—4 “7° TeyB—4 ©
The difference equations corresponding to (8)-(10) take the form
—8byu + 4rv 4 o = 0, (21)
—4Lgu — 8Lbp -- 0 =0, (22)
— tA% Ry — tARp + 8cw=0, (23)
where
. Y N 12 4
t==2, by=t4+ 2 gy 2 :
8 24+B—-A 2 ‘ 2-B—A
B _ A

c=124-4+8, g:=

—— e ——,
2+B—A 2+B—A

The determinant of (21)-(23) is equated to zero to give the following relation between
the parameters:

1
8+4t+)(1+20( £+ — (14g—
oot ( 2 U r)) r(l—L)+L(1+2)

Ry =64 - — | X
oA HgT =L+ T+2) Ty S GO

Minimization of (24) with respect to t gives the boundary to the monotonic stability as
Ry = f(Ra, L, Y, 8); the minimization itself represents no essential difficulty.

Formula (24) takes the following form for L = 1:

w64 (2 -+ 4t -+- 8)( - %) (25)

where
== 41-‘ A; —=yexp A — 4; :1KG.
© (Ri, 5 RZ)// ; o==yexp ;o e (26)

Minimization of (25) involves solving the cubic equation
gt) =203+ (a4 4)2—8a =0, 27)

whose only positive root can be determined approximately; we take t = 1 as the initial ap-
proximation and perform a single iteration in Newton's method to get

gl 8+ 9a

by x1— = )
* g () 14 4 2« (28)

u*zmai+uﬁ+$(1+ii) (29)

* I

Formula (28) is unsuitable as o - —1 (a -+ 0), and in that case we have directly from
(27) that
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TABLE 1. Comparison of u, and u,, Given by (29) and {(35) with
the uo Given by Galerkin's Method

[} M Mo M k., ko ke
—0.,9 932 1074 768 1,60 1,80 1,80
—0.,5 1196 1215 1068 2,42 2,35 2,45
-—0,2 1285 1274 1178 2,50 2,50 2,53

Q 1331 1304 1230 2,53 2,55 2,58

0,2 1364 1330 1272 2,56 2,60 2,61
0,5 1405 1362 1328 2,61 2,67 2,65

] 1450 1404 1376 2,68 2,75 2,70

2 1507 1462 1455 2,73 2,84 2,76

5 1575 1550 1545 2,83 2,96 2,83

o0 1660 1708 1650 2,94 3,11 2,91

% 12
ty =~ _I.__._OL_-IIT
| —_—
T( 2 )

We see from (25) that there is no minimum in this function for 0 < —1 (a < Q) if t > O,
which agrees with the observation that o < —1 means that there is an unstable steady-state
solution to (1)-(4) for V = 0 and, therefore, 0 < —1 means that convection always occurs for
appropriate initial conditions., There are no critical conditioms.

We denote the right side of (7) by f(A), £(A) = A(y + exp(—A)), which gives
['(A) =7—(A— l)exp(— A). (30)

The condition ¢ < —1 of (26) means that f'(A) < 0, so o < —l occurs only over the decreasing
range A; < A < A, for £(A), which itself occurs for y < e [1]. In that case, (7) has three
roots in the range §, < § < §,, and the middle one of these falls in the decreasing range of
f(A) that corresponds to an unstable steady-state solution to (1)-(4) for V = 0.

The quantities A, and §,; and also A, and 8, correspond to the critical conditions for
ignition and extinction, respectively [1]; if v<& 1, it follows from (7) and £'(A) = 0, as
implied by (30), that

A =1+ ey {Slz—l— 49, 0= —1, (31)
e

i
In ——1 In ——1 :

Ay~ln ——F | Szzyln——l—m 1+

v (32)
o= —1.

The stable roots of (7), i.e., those occurring for A < A,, A > A,, imply that ¢ exceeds
-2

—1, and this always occurs for y > —e™*,
The same coarse net has also been used with other approximations, in particular, the fol-
lowing. The integral relation

1
‘g'u’dz—;—uozo

0

applies by virtue of u(l) = 0; the following is the value of the integral given by Simpson's
formula:
Ug -ty -+ 4u’ - 6uy = 0. (33)

Boundary condition (11) gives us ue = oup for L = 1; we use (33) with the difference
approximation
u =uy—uy W= 4y — 2+ ),
1. 1

L
U +—u]— —u

1
'5‘1‘8 48‘

]

U—u; = —
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Fig. 1. Regions of convective stability:
I) convective stability; II) region of sta-
bility for a reaction occurring in the ki-
netic mode but instability for a reaction
occurring in the diffusion mode; III) re-
gion of instability.

1ne

and the equations u; = 0, u; = 0, ui' = Eu} implied by (8) to get

2u ; Cw— 8 3ay—7—t

<2+c)(1+—) 31
3,

u.

Uy

This approximation resembles (28) and (29) in leading to the following results for L =

1;
155 - 692
262 — 547,
3o + ¢ '
Wou = 64 (12 =~ 44, + 8) [ 1+ SF Tl ) (33

Table 1 compares calculated values for u, and n,, given by (28), (29), (34), and (35)
with the critical number uo calculated by Galerkin's method via a single basis function w =
z3(1 — z)? as in [3].

Table 1 also gives for comparison the wave numbers k = /E = /8t at which the values Uy
Lo, and u,, are attained, respectively; if we eliminate the neighborhood of ¢ = —1 and con-
sider only the range —0.5 <<o < «, there is only 2-3% deviation of u,, from u,. Also, u,
gives a good approximation, particularly for o > 0.

A relationship between u and u, is

r, 1, 1,
U—ly= —5 U+ —g U+ gzt ,

where uj = ouo, us = £uo, and ug' = 0Euo; we then get a result close to that given in the
table.

Therefore, a simple net gives a stable result largely independent of the method of ap-
proximation. The method is readily extended to a finer net, but the most interesting result
appears to be that a very simple net can give an adequate approximation. Another interesting
point is that convenient working formulas are obtained.

Of course, this net provides only the least eigenvalue; a finer net with more nodes must

be used if the larger eigenvalues are required.

In conclusion, we describe the structure of the convective region for L = 1 and y < e™?,

i.e., in the region of the three steady-state solutions.

Various possible modes can occur in a heterogeneous catalytic reaction, where y and §
are the decisive factors [l1]. The conditions for convection vary similarly., It follows ftrom
(7) that there will be a jump from the kinetic region to the-diffusion one and back again for
the critical ignition and extinction conditions if y < e~ 2; the catalyst temperature and the
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product concentration then vary sharply. There are no critical conditions if vy > e‘é, because
(7) has a single solution, so the temperature and concentration vary smoothly. The critical
ignition and extinction conditions are defined by (31) and (32) for vy« 1.

We consider the expression for the critical convection conditions for these modes; since
0 = —1, « = 0 near the ignition and extinction limits, as (25) shows, we have

R, 4+ %RZ:TI64(124.4t = 8), i=12.

Here (31) and (32) define A, and A,.

Figure 1 shows these relationships qualitatively in R;, {y/8)R, coordinates, where curve
1 corresponds to the ignition condition (i = 1) and curve 2 corresponds to the extinction
condition (i = 2), The region of convective stability lies below curve 2 (region I); III
corresponds to the region of convective instability; and II is the regiom of convective sta-
bility for the kinetic mode but of instability for the diffusion mode.

It is clear that conditions are most favorable to convection when the reaction occurs in
the diffusion mode; this is physically reasonable, since then there are the largest tempera-
ture and concentration differences on account of the reaction.

Curve 1 is displaced continuously upward as we recede from the ignition limit, since the
temperature rise at the catalyst and the product concentration there are reduced by the re-
sulting convection. When the critical conditions for ignition are reached, straight line 1
for convective stability passes stepwise into region I; i.e., in region II there camnnot be a
single straight line that separates the regions of convective stability and instability for
any ¢ and vy.

NOTATION

u, v, temperature variations; w, vertical velocity variation; k;, k,, Fourier transform
parameters (wave numbers); £ = kI + k3, t = £/8; u, Rayleigh number; o, parameter in boundary
condition; u' = ou, a = (1 + 0)/(2 + 0); X,, initial substance; X,, reaction product; v,,
stoichiometric coefficient; k(T), rate constant; V, velocity vector; w, vertical velocity;

P, pressure; a, product concentration; 6, temperature; T, time; h, layer thickness; v, ki-
nematic viscosity; D, diffusion coefficient; *, thermal diffusivity; g, gravitational ac-
celeration; ¢, volume expansion coefficient; R, universal gas constant; E, activation energy;
Po, density in initial state; T,, upper wall temperature; 8, diffusion analog of the volume
expansion coefficient; Q, heat of reaction; X., thermal conductivity; ko, preexponential fac-
tor; e, unit vector antiparallel to g; Pr, Prandtl number; Le, Lewis number; R,, thermal Ray-
leigh number; R,, concentration Rayleigh number; &, Frank-Kamenetskii parameter; vy, ratio of
reaction rate to the diffusion rate; A, temperature at z = 0; X, Laplace transform parameter
(perturbation decrement); b,, b., ¢, q, r, combinations of the kinetic parameters &§ and y.
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